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Violation of Leggett-type inequalities in the spin-orbit degrees of freedom of a single 
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We report the experimental violation of Leggett-type inequalities for a hybrid entangled state of 
spin and orbital angular momentum of a single photon. These inequalities give a physical criterion 
to verify the possible validity of a class of hidden-variable theories, originally named "crypto non- 
local", that are not excluded by the violation of Bell-type inequalities. In our case, the tested 
theories assume the existence of hidden variables associated with independent degrees of freedom 
of the same particle, while admitting the possibility of an influence between the two measurements, 
i.e. the so-called contextuality of observables. We observe a violation the Leggett inequalities for a 
range of experimental inputs, with a maximum violation of seven standard deviations, thus ruling 
out this class of hidden variable models with a high confidence. 
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INTRODUCTION 

Following Einstein, Podolsky and Rosen (EPR), a 
physical theory is considered complete when there is 
a one-to-one correspondence between its elements and 
what are called the elements of reality of the physical 
system that the theory aims to depict. Starting from the 
locality assumption, in the famous EPR paradox |l| it 
is argued that there exist physical systems, based on en- 
tanglement between different degrees of freedom, which 
are characterized by elements of reality that do not have 
counterparts in the quantum theory. In this sense, there- 
fore, quantum mechanics was said to be an incomplete 
theory. Following the seminal gedanken experiment pro- 
posed by EPR, many scientists have tried to look for 
different theories, by introducing additional variables to 
the quantum ones, that recover the lack of knowledge (in- 
completeness) of the quantum theory; these additional 
variables are known as hidden variables, because there 
is no known way to detect them experimentally [2|-|4|]. 
The experimental violation of Bell inequalities has ruled 
out all possible forms of local hidden variable theories, 
thus proving the impossibility of building up a theory 
that could recover both locality and so-called "realism" 
at the same time [a, 0- In 2003, A. J. Leggett formu- 
lated a new incompatibility theorem between quantum 
mechanics and a subclass of non-local hidden variable 
theories, named "crypto non-local" [7|. In recent years, 
this (class of) non-local realism has been investigated in 
several experiments. The associated inequalities, named 
Leggett's inequalities, were also found to be experimen- 
tally violated, thus ruling out also this class of non-local 
hidden variables theories [8|4l2j. 



erated by spontaneous parametric down conversion, was 
used to test the Leggett inequalities. However, entangle- 
ment is not limited to a many particle system: separate 
degrees of freedom of a same particle can be used to gen- 
erate a single particle entangled state. In such state, two 
(or more) observables of the particle may have a fully 
undetermined random value, but the overall quantum 
state of the particle is pure, thus implying the presence 
of strong correlations between the involved observables. 
Such correlations may then be tested against the predic- 
tions of hidden variable models. The Bell inequalities (or, 
alternatively, the tests of the Kochen-Specker kind), in 
this case, probe the so-called "non-contextuality" of the 
observables, i.e. the assumption that the value of each 
observable as determined by the hidden values cannot be 
affected by the choice of measurement settings in place 
for other independent observables [13|. On the other 
hand, the Leggett inequality goes beyond this, by testing 
the possible validity of a class of hidden- variable models, 
independently from the assumption of non-contextuality 
of the observables. Following Leggett, we might call this 
class of models "crypto-contextual" models. A violation 
of Leggett's inequalities, therefore, negates the very ex- 
istence before the act of measurement of any form of 
element of reality, as defined in such crypto-contextual 
models, for the involved observables. 

In this article, we test a set of Leggett inequalities for 
single photons prepared in entangled states of the fol- 
lowing two observables: spin angular momentum (SAM) 
and orbital angular momentum (OAM). SAM and OAM 
are respectively associated with the polarization and the 
wave front of an optical field and hence are fully inde- 



In all of the hitherto addressed experiments, the same 
degree of freedom of two entangled individual parties, for 
example the polarization of two entangled photons gen- 



pendent observables in the paraxial limit [l44l6j . In 
quantum optics, SAM lives in a two-dimensional (2D) 
Hilbert space, while OAM corresponds to an unbounded, 
infinite-dimensional Hilbert space. However, we will use 
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FIG. 1. Geometric representation of the Hilbert spaces corre- 
sponding to the following single-photon observables: (a) SAM 
and (b) OAM, the latter restricted to a 2D spin-like sub- 
space. North and south poles of the SAM Poincare sphere 
correspond to left- and right-handed circularly polarized pho- 
tons, respectively. Linearly polarized states are on the sphere 
equator. The OAM subspace is restricted to the eigenvalues 
m = ±1. North and south poles of the corresponding sphere 
then represent m — +1 and m — —1, corresponding to the 
Laguerre-Gauss modes LGo,i and LGo,-i, respectively (with 
the radial number p — 0). The equator of the OAM Poincare 
sphere corresponds to Hermite-Gauss modes, as given by a 
balanced superposition of the LGo,i and LGo,-i modes. The 
small insets in panel (b) show the intensity distribution pat- 
terns for some of these OAM modes. 



as unit vectors in the Poincare sphere, as shown in Fig.Q] 
The result x (y) obtained by Alice (Bob) is a dichotomous 
variable, taking the possible values +1 and —1, where +1 
is the outcome when the system is detected in state a (b), 
and —1 when it is found to be orthogonal to state a (b). 
In the crypto-contextual models, these possible outcomes 
are pre-determined (cither deterministically or stochasti- 
cally) by a set of hidden variables A, defined in a domain 
f2. Due to our lack of knowledge about these hidden vari- 
ables, all measured quantities result from an average in 
the hidden variable domain, weighted by the probability 
distribution p(X) that the system is in state A. 

In the original model proposed by Leggett [7| , the hid- 
den variables A are defined by assigning a specific "hid- 
den" spin-like state u to X and v to Y, where these vec- 
tors live in the corresponding Poincare spheres. This is 
done even if the overall quantum state is prepared in an 
entangled state for which the individual subsystems X 
and Y would have no definite quantum state. The ex- 
pectation values for the observables X and Y with mea- 
surement settings a and b, respectively, are then assumed 
to be given by the following expressions: 

(x)\ — 2_. x P(z\ a i b, A) = u • a, 

X 

(y)A=5>P0/|a,b,A)=vb, 



only a 2D subspace of OAM, thus mimicking a second 
spin state. In order to generate the single photon SAM- 
OAM entangled state, we exploited the spin-to-orbital 
coupling taking place in a suitably-patterned liquid crys- 
tal cell, named q-plate lg,ll7|. Similar applications of 



such device for quantum information experiments have 
been demonstrated in a number of recent works [18l - l22j . 
As we shall see, our experimental data for the SAM-OAM 
correlations were found to be in agreement with the quan- 
tum predictions and violating the Leggett's bound, with 
a maximum violation of seven standard deviations. This 
rules out with high confidence the possible validity of 
crypto "realistic" hidden variable models for the single- 
photon SAM-OAM hybrid correlations. 



LEGGETT INEQUALITIES 

In Leggett's model, we consider a physical system con- 
sisting of two 2D subsystems X and Y and two corre- 
sponding observables. In the original paper, the SAM 
(polarization) of two correlated photons was used, while 
in this article we take X to be the SAM and Y a 2D 
subspace of OAM of a single photon. For each of these 
observables, two observers Alice and Bob perform projec- 
tive measurements specified by unit vectors a and b on 
X and Y, respectively. These vectors single out a state in 
the two-dimensional space and can be hence represented 



where A = (u, v). The correlation C(a, b) between mea- 
surements performed by Alice and Bob are given by the 
expression 



C(a,b) = / dXp(X) 



]xyP{x,y\a,h,X) 



(1) 



where P(x, y\&, b, A) is a joint probability that the out- 
come of Alice and Bob projective measurement on a 
and b are x and y, respectively. The model allows for 
contextuality of the two observables X and Y, because 
this joint probability is in general non-separable, i.e., 
P(x,y\a, b, A) ^ P(x\a, X)P(y\b, X). However, it should 
be noted that Eqs. ([1]) do imply a "non-signalling" con- 
dition, so that each average value of a given observable 
is taken to be independent of the measurement settings 
of the other observable. 

For this model, Branciard et al. derived a simplified 
version of Leggett- type inequalities (ll|, which we will 
adopt here for our tests. This inequality involves three 
measurements on X along the vectors a^ and six on Y, 
along the vectors b^ and bj, where i — {1, 2, 3}, with the 
following constraints: the three vector pairs b^,b^ form 
a same angle (j>, their differences b^ — bj must be three 
mutually orthogonal vectors, and their sums b^ +bj must 
be respectively parallel to the a^. When these conditions 
are satisfied, Leggett's model gives rise to the following 



inequality 11] : 
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|C(a i ,b i ) + C(a i ,bi)| 



sin — 
2 



= L 3 (4>). 



(2) 



Quantum mechanics, on the other hand, predicts a viola- 
tion of this inequality. Indeed, if the system is prepared 
in a maximally entangled state of the observables X and 
Y, such as for example |$+) = (| + l)x\ ~ l)y + | - 
V)x\ + l)y)/v2, the correlation coefficients predicted by 
quantum mechanics are given by 



C(a, b) QM = 
from which we obtain 



cos (<f>/2) 



£ 3 QM (0) 



2|cos^/2|. 



(3) 



(4) 



This function E 3 M ((f>) is above the Leggett bound of 
L 3 (cj)) for a wide range of values of the angle 0, as we 
will show further below. 



and OAM degrees of freedom, respectively, L and R stand 
for the left and right circular polarizations, and \m) de- 
notes an OAM eigenstate with eigenvalue mh, such as for 
example a Laguerre-Gauss (LG) mode with azimuthal in- 
dex m. The radial mode, as for example denoted by the 
LG index p, is irrelevant for our purposes, and it can be 
assumed hereafter to be fixed to p = 0, as determined by 
the final detection mode. Now, a H polarization state can 
be written as a superposition of left and right circular po- 
larizations, i.e. \H) V = (|L) w + |i?) ff )/-\/2- Hence, the H- 
polarized photon transmitted by the PBS is transformed 
by the g-plate into the following maximally-entangled 
spin-orbit state: 



\H)„\0)o 



g-plate 



*+) 



V2 



(\L}„\ - 1) + \R) W \ + 1) ). 



(5) 

It is worth noticing that the final state \& + ) generated by 
the g-plate belongs to a four-dimensional Hilbert space 
defined as direct product of the SAM space and the OAM 
2D subspace with m = ±1. Such Hilbert space is for 
example spanned by the four product states \L}„\ + 1) , 
\L) n \ - 1) , \R)„\ + 1) , and \R)„\ - 1) . 



EXPERIMENT 

The layout of our experimental setup is shown in Fig. [2] 
The two-photon source (not shown in the figure) is based 
on a /3-barium borate nonlinear crystal cut for degenerate 
collinear type-II phase matching, pumped by a linearly 
polarized beam at a wavelength of 397.5 nm and at 100 
mW of average power. The latter was obtained from 
the second harmonic of a TkSapphire pulsed laser beam 
with a 100 fs pulse duration and 82 MHz repetition rate 
at the fundamental wavelength of 795 nm. For collinear 
type-II phase matching, the photon pair generated via 
spontaneous parametric down conversion is in the prod- 
uct state of |iJ)|V), where H and V denote horizontal 
and vertical linear polarizations, respectively. The two 
photons are then separated by a polarizing beam splitter 
(PBS). The V-polarized photon was coupled directly to 
an avalanche single photon detector (Di) by an appropri- 
ate set of lenses and mirrors and was used as trigger. The 
-ff-polarized photon, transmitted by the PBS, is used to 
perform the SAM-OAM measurements, by detecting the 
coincidences with the trigger photon, so as to operate in 
a heralded-single-photon quantum regime. 

A tuned g-plate with topological charge q = 1/2 
was used to prepare the spin-orbit state of the photon 
171 [18J. In particular, for a circularly polarized input 
photon, the g-plate flips the polarization helicity and si- 
multaneously imparts ±2qh of OAM to the photon, with 
the ± sign depending on the input polarization helicity. 
In other words, the g-plate gives rise to the following 
photon transformation laws: |i) ff |0) o — > \R)- K \2q) and 
|-R)tt|0) o -► \L) n \ - 2g) D , where n and o label the SAM 




FIG. 2. Experimental apparatus used for performing the 
Leggett test in the SAM-OAM Hilbert space of a single- 
photon. See text for a detailed explanation of the setup work- 
ings. Legend: PBS - polarizing beam splitter; hwp - half- wave 
plate; qwp - quarter-wave plate; SLM - spatial light modula- 
tor; 100X - microscope objective; IF - interference filters (10 
nm bandwidth); Di - single-photon detectors. 

The heralded photon prepared in the single-photon 
SAM-OAM entangled state |$ + ) was then sent to the de- 
tection apparatus, where its SAM and OAM values, cor- 
responding to observables X and Y, were both measured. 
The projective measurement on the SAM state of the 
photon was singled out by means of a properly-oriented 
sequence of a half- wave plate, a quarter- wave plate, and a 
polarizer. The orientations of the two wave plates define 
the selected projection state a of the measurement, in the 
SAM Poincare sphere (Fig. [1} . Then, the OAM measure- 



ment was achieved by diffraction on a spatial light modu- 
lator (SLM) followed by a spatial-filter system composed 
of a lens, a 100X microscope objective, and a pinhole 
having a 1 mm radius. The OAM projection state corre- 
sponding to each vector b in the OAM Poincare sphere 
of | to | = 1 was thus determined by the hologram pattern 
visualized on the SLM, as was computed statically by a 
computer-generated-holography technique [2fJ, _3[ . The 
spatial filter was used to select only the TEM o Gaussian 
component of the diffracted beam in the far-field zone. 
The selected photon, after both projections, was finally 
coupled to another avalanche single-photon detector D 2 . 
The signals from the two detectors Di and D 2 were read 
out by a coincidence box and a digital counter. 
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FIG. 3. The set of state projections in the SAM and 
OAM states used to test the Leggett-type inequalities. The 
SAM (polarization) states to be measured were taken on the 
Poincare sphere equator, i.e., ai = \H), 3l2 = a3 = \A) — 
(\H) + |V))/a/2. The OAM states bi and b'i were also taken 
along the equator line, at symmetrical azimuthal angles ±0/2 
relative to ai. Similarly, Y>2 and b'2 were taken along the 
equator line, at symmetrical angles ±0/2 relative to a2. Fi- 
nally, b3 and b'3 were taken along a meridian line, at sym- 
metrical polar angles ±0/2 relative to a3 = aa- Examples of 
the computer-generated holograms needed to measure these 
OAM states are shown in the right inset, with \o and Xs rep- 
resenting the polar and azimuthal angles (in degrees) on the 
OAM Poincare sphere, respectively. 

The experimental correlation coefficients C(a, b) be- 
tween the measurements of SAM and OAM are computed 

as 



C(a,b) 



N(a, b)+JV(-a, -b)-JV(a, -b)-JV(-a, b) 



N(a.,b)+N(-a.,-b)+N(a,-b)+N(-a,b) 

(6) 
where iV(a, b) are the experimental coincidence counts 
between the detectors Di and D 2 when the SAM and 
OAM projections are set to a and b, respectively [6J. 

For the Leggett test, the adopted geometry of measure- 
ment settings a^ and hi,h'i is shown in Fig. _] together 
with some representative holograms used to measure the 
OAM states. 

Figure @] shows the experimental E^{<j>) data, as based 
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FIG. 4. Experimental and theoretical values of Leggett's func- 
tion Ez{<j>). The blue points are the experimental data. Error 
bars are derived from Poissonian statistics on the coincidence 
counts and correspond to one standard deviation. The vio- 
let dashed line is the quantum mechanics prediction for the 
same function. The solid red line is the Leggett's bound 
1/3(0). Panel (a) shows the entire range of measurement, 
G [0, 180°]. Panel (b) is a zoomed-in plot of the region 
in which a violation of the Leggett's bound is observed, i.e., 
8° < 0< 52°. 



on the measured correlation coefficients, for an angle 
varying within the range 0-180°, in steps of 4°. The ex- 
perimental data (blue points) are in good agreement with 
the predictions of quantum mechanics (violet dashed 
line), with only a small loss of visibility due to exper- 
imental imperfections. For a specific region, i.e., 8° < 
< 52°, we obtained a violation of the Leggett bound. 
The maximum violation is found for = 28° and it is 
equal to 7.4ct, where o is a standard deviation. 



CONCLUSIONS 

Using Leggett-type inequalities, we have experimen- 
tally tested the possible validity of hidden- variable mod- 
els for the measurement correlations between different 
degrees of freedom, namely spin and orbital angular mo- 
mentum, in the case of a photon prepared in a single- 
particle entangled state of these two observables. The 
measured correlations agree with quantum predictions 
and hence violate the inequalities in a range of exper- 
imental parameters, thus showing with high confidence 
that for this physical system a wide class of determinis- 



tic models that preserve realism, even admitting a pos- 
sible contextuality of the two observables, disagree with 
experimental results. 
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